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Volume-explicit equations of states for hard chains, their mixtures, and copolymers
were developed. The equations accurately represent the simulation data. They also pre-
dict the correct volume at high pressures (close packing), unlike the common pressure-
explicit equations, which predict a physically unattainable volume. Entropic demixing is
also predicted by the proposed equations. The developed equation can be used as the
repulsive part in developing volume-explicit real polymer equations of state or excess

Gibbs energy models.

Introduction

Equations of state (EOS) are valuable tools in the calcula-
tion of thermodynamic properties and phase behavior. An
important result of the theoretical study of fluids and solids
is that repulsive molecular forces are dominant at high densi-
ties. This result has motivated researchers to build EOS
around accurate repulsive equations for small molecules
(Chien et al., 1983; Tao and Mason, 1994) and polymers (Song
et al., 1994b; Kiao et al., 1996).

A number of models for hard chains take advantage of the
available EOS for hard spheres and small hard bodies. For
small molecules, almost all the statistical-thermodynamic re-
pulsive equations are pressure explicit. When an attractive
term is added to the repulsive term to represent real poly-
mers, an implicit equation with multiple-volume roots results.
These roots have to be found numerically. The molecular
weight of polymers is usually high enough to exclude a vapor
phase. As such, only one volume root is physically significant.
All the preceding contribute to the little attention that the
statistical-thermodynamic-based polymer equations get com-
pared to the simple and volume-explicit equations such as
the Tait equation (Danner and High, 1993). However, the
empirical nature of this equation inhibits its confident exten-
sion to mixtures and copolymers. It is therefore our objective
in this work to use statistical thermodynamics to derive a vol-
ume-explicit EOS for hard chains, their mixtures and copoly-
mers. Such an equation can be combined with an attractive
term to describe and predict the behavior of real polymers.

Most of the thermodynamic modeling of polymers has been
carried out using lattice theories because polymers usually
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form a dense phase, either solid or liquid. Polymer blends
and solutions have also been traditionally modeled by lattice
theories such as the Flory-Huggins theory (Flory, 1941; Hug-
gins, 1941). The original theory was developed for athermal
systems, and later the theory was modified by adding a
semiempirical (Flory, 1954) energetic term that is propor-
tional to the “chi parameter.” This parameter, which is sup-
posed to be independent of the state properties (it represents
molecular interaction), was found to depend on composition,
molecular weight, and temperature, when compared to ex-
perimental data (Schweizer and Curro, 1989). The original
athermal part was also found to be an oversimplification, valid
only after making a large number of simplifying assumptions
(Song et al., 1994a).

Off-lattice models for polymers have been suggested to try
to overcome some of the limitations of the lattice-based theo-
ries. They have the advantage of removing the artificial con-
straint of a lattice, which is obviously absent from real sys-
tems. Hall and coworkers (Dickman and Hall, 1986, 1988;
Yethiraj and Hall, 1991) suggested the tangent hard-sphere
chain model. This simple model captures two major features
of real polymers, the connectivity of repeat units and the re-
pulsive forces that dictate the structure of dense fluids and
solids. This model opened the door for a number of new and
relevant studies. Honnell and Hall (1991) studied mixtures of
chains of the same segment size, but of different lengths.
Dickman and Hall (1986) first introduced the generalized
Flory theories. These theories are based on estimates of the
probabilities of successfully inserting test chains into chain
fluids. These theories were refined and improved over more
than a decade. Versions of these theories are now available
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for homopolymers, copolymers, and polymer mixtures. Their
predictive ability could be enhanced by including information
on dimers (Honnell and Hall, 1989), in addition to the infor-
mation on spherical units in the original theory (Dickman and
Hall, 1986).

Another off-lattice approach is the first-order perturbation
theory of associating fluids (TPT1), which was pioneered by
Wertheim (1984, 1986). In this model, the chain is con-
structed by the formation of strong association bonds be-
tween two sites on each monomer (repeat unit). An advan-
tage of this theory is that it is not restricted to spherical units.
This theory was developed further by Chapman (Chapman et
al., 1988; Ghonasgi and Chapman, 1994), and it was used to
correlate and predict experimental results for real systems. In
general, the equation of state of m repeat unit chains can be
written as

sz(Zunits+Zbond)’ (l)

where the first term between the parenthesis is the compress-
ibility factor of the unbonded units, and the second term ac-
counts for the change in Z due to the presence of bonds
between the units in a polymer chain. The general form of
the theory for multicomponent mixtures and heteronuclear
chains containing hard-spherical units in the canonical en-
semble was given by Malakhov and Brun (1992). This TPT1
theory has been compared to the simulation results of chains
of Lennard-Jones segments, with good agreement (Ghonasgi
and Chapman, 1994).

Chiew (1990) used the particle—particle description for hard
spheres and introduced two constraints on the contact value
of the radial distribution function to force the connectivity
between consecutive spheres. He then combined his results
with the Percus-Yevick (PY) approximation. The structure of
the resulting equations is the same as for adhesive hard
spheres. Using an already existing solution for adhesive hard
spheres Chiew obtained Eq. 1 with a different expression for
Zna- The general form of the Z, , for multicomponents
and heterochains is given by Malakhov and Brun (1992). This
model is limited to hard-spherical repeat units. The com-
pressibility factor is usually underestimated by this theory.

Other work along similar lines includes that of Hu et al.
(1996), Phan et al. (1993), and Chang and Sandler (1995).
Resummation of the virial expansion was also used to obtain
models for hard chains (Boublik et al., 1990). Sanchez and
LaCambe (1976) used a modified lattice theory to derive an
equation of state for polymers and their mixtures.

All the work just cited results in pressure-explicit equa-
tions. In the present work, new volume-explicit equations of
state for hard chains, their mixtures, and copolymers are de-
veloped. Sound statistical thermodynamics theories are used
to develop the equations to give them a wide range of appli-
cability and predictive capability. From a practical point of
view, the equations can be used to develop volume-explicit
equations for pure polymers, polymer mixtures (polymer so-
lutions and polymer blends), and copolymers.

Pure Hard Chains

The first objective of this work is the development of vol-
ume-explicit EOS for pure hard chains of tangent spheres.
The development will utilize contact-pair correlation func-
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tions in the isothermal-isobaric ensemble, NPT, to form a
chain out of individual monomers. The equations will be
tested against simulation data.

The TPT1 (Wertheim, 1984, 1986; Chapman et al., 1988;
Ghonasgi and Chapman, 1994) and the PY-Chiew (Chiew,
1990) are approximate models that were formulated in the
canonical ensemble (constant volume, temperature, and
number of moles). The bonding contribution in the two mod-
els is given by fairly simple expressions:

m-—1
Zpond =~ —m—gNVT(a) (PY-Chiew)
(2a)
m-—1 1%
Zoona =~ I 1+ Pa_p{ln gnvr(o)}| (TPT1), (2b)

where gnyr(o) is the canonical ensemble pair correlation
function at contact for the spherical units that make up the
chain molecules. Combining Eqgs. 1 and 2 gives

Z=mZu(T,p)~(m~Dgayr(e)  (PY-Chiew)

(32)

Z = mZyus(T.p)—(m—1) 1+p;i{lngNw<a)}
(TPT1). (3b)

The preceding equations are the final working equations in
the canonical ensemble. They are of course approximate
equations.

Approximate models such as Eqs. 2 and 3 usually behave
differently in different ensembles. A good example is the PY
approximation for hard spheres, where the equation of state
can be obtained from the total correlation function (based on
the grand canonical ensemble), or from the contact value of
the pair correlation function (based on the canonical ensem-
ble). The first route gives a more accurate equation of state.
It is therefore interesting to see how well the final form of
the TPT1 and the PY-Chiew approximations, Eq. 3, perform
in other ensembles. Here we work in the NPT ensemble be-
cause of the practical advantages of the NPT variables, as
discussed before. We will apply the final working equations
of the TPT1 and the Chiew approximations because of their
simplicity. A derivation from the basic approximations of the
two models in the NPT ensemble, if possible, will not neces-
sarily result in the same final working equations (see Eqgs. 4
and 5 below). We will see later that the resulting equations
are more accurate than the canonical ensemble equations.
This is in addition to the advantage of the volume-explicit
form of NPT equations.

Based on the preceding discussion we replace Zyg and
gxvr{o) in Eq. 3 with their corresponding values in the NPT
ensemble to get

Z=mZyy(T,P)—(m—1)gnpr(o) (C))]

and
d
Z=mZy(T,P)—(m—1) 1+P§{lngww(0)} , (5)
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where Z (T, P) is the volume-explicit compressibility factor
for hard spheres and gypr(o) is the pair correlation function
at contact for the spherical units that make up the chain
molecules in the NPT ensemble. Note that Eqgs. 4 and 5 are
not labeled as PY-Chiew and TPT1 because we did not de-
rive them for these known basic approximations. To utilize
these two equations, we need expressions for Z,5 and
gnprio).

In the canonical ensemble the contact values for pure com-
ponents and mixtures can be obtained directly from the parti-
tion function, Q, without having to find the spacial depend-
ence of g from integral equations (Hamad, 1994):

-1 dnQ

y ) = ~ 6
glj,NVT(olj) 27TN(2_ 5,~j)px,-x,-0',',‘- f90,~j ( )
For pure species, the relationship reduces to
-1 é¢mlnQ 3 zZ-1 .
snvr(e) = 47Npa? Jdo B 2mpo’’ Q)

In the isothermal—isobaric ensemble, one can derive the fol-
lowing equation:

Z-1

—kT JdlnA
=3RT -,
2w Po”

A7NPo? do

gner(o) = (8)

where A is the NPT partition function. Equations 7 and 8
can be combined to obtain the following relationship be-
tween the two contact values:

gnvr(o) .

9
7o )

gner(o) =

An accurate equation of state for hard spheres in the
isothermal—isobaric ensemble was derived recently (Hamad,
1997a), and is expressed by

Zu(T,P)=1+4 3Pl 3t 10
=1+4p+—
us(7, P) PTy n 3+25p > (10)

where the dimensionless pressure is p=wo *P/6kT. This
equation is more accurate than the traditional Carnahan-
Starling (1969) equation, especially at high pressures. The
contact value of the pair correlation function can be obtained
by substituting Eq. 10 in Eq. 8:

| 31 3+P 1
=l+— .
gner(o) 16 n 3+25p (11)

Combining Eq. 4 with Egs. 10 and 11 gives a simple volume-
explicit equation of state for hard chains:

3 3+
Z=1+4mp+ E(l—m+4mp)ln (12)

3+25P

2768

December 1998 Vol. 44, No. 12

25

m=2
* Simulation (Smith et al, 1995)
Eq (12) ,
20 - Eq(13)
. — Eq(14)
§ —-——= GFD
S 15 - !
5
g
£ 10 1
£
O
O
5 -
O T T T T T

Proo/6RT

Figure 1. Compressibility factor of hard dimers vs. re-
duced pressure.

On the other hand, Eq. 5 yields a more complex equation,

Z=1+4mp+ mpln| T
—1+dmp+ —
SN S ENET

216(m — 1)
TG p)(3+25p){16+3In[(3+ p) /3 +25p)])

(13)

To test the accuracy of the preceding equations, we com-
pare their predictions with accurate simulation data (Smith
et al., 1995) for hard chains with 2 to 16 repeat units. We
start with hard dimers (m = 2). Figure 1 shows the prediction
of Egs. 12 and 13 and the generalized Flory dimer theory
(GFD) (Honnell and Hall, 1989). This theory, which for m =2
reduces to the Tildesley-Streett equation (Tildesley and
Streett, 1980), gives a volume-implicit equation of state, and
normally one that needs solving numerically for the volume.
The first thing we notice is that Eqgs. 12 and 13 accurately
predict the compressibility factor. They are only slightly less
accurate than the Tildesley-Streett equation. The second
thing we notice is that the two equations are much more ac-
curate than their counterparts in the canonical ensemble,
which are shown in Figure 2. At the highest density (or pres-
sure), the TPT! in the canonical ensemble underestimates
the compressibility factor by 3%, while the underestimation
of Eq. 12 is only 0.8%. The PY-Chiew underestimates the
compressibility factor by 13%, while Eq. 11 overestimates it
by only 0.9%. Since Eqs. 11 and 12 bracket the simulation
data, a very accurate representation of the data can be ob-
tained by taking two-thirds of Eq. 11 and one-third of Eq. 12:

Zavgz[Zcq(12)+2ch(ll)]/3' (14)

Figure 1 clearly shows the accuracy of this average equation.
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Figure 2. Compressibility factor of hard dimers vs. vol-
ume fraction.
Points are simulation data (Smith et al., 1995).

Another advantage of Eqgs. 12 and 13 is illustrated in Fig-
ure 3. Here the dimer residual volume per mole of repeat
units is plotted vs. pressure. At high pressures, the Tildesley-
Streett and the GFD equations give a physically unattainable
reduced volume, 6u/7o® of unity. On the other hand, the
proposed equations give a value of 1.58, which is very close to
the hard-sphere random close packing value of 1.570 (Bernal,
1965).

4N —
A Eq (12)
I —— Eq(13)
N GFD

O I T T T T T
0.1 1.0 10.0  100.0 1000.0 10000.0

ProY/6RT

Figure 3. Hard dimers residual volume per mole of re-
peat units vs. pressure.
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Figure 4. Compressibility factor of hard 4-mer chains.

Curves and points have the same meaning as in Figure 1.

Results for chains with 4, 8, and 16 repeat units are shown
in Figures 4-6. Again the figures support the accuracy of the
proposed equations. For the longest chains (16-mer), Eqs. 12
and 13 are more accurate than the GFD theory. This indi-
cates that the proposed estimations keep their accuracy with
increasing chain length, unlike some other models.

Polymer Mixtures

The preceding positive result encourages us to extend the
isothermal-isobaric ensemble equations to mixtures. To do
so, we will need a mixture NPT equation for hard spheres

100

Compressibility Factor

Pro /6RT

Figure 5. Compressibility factor of hard 8-mer chains.

Curves and points have the same meaning as in Figure 1.
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Compressibility Factor
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Figure 6. Compressibility factor of hard 16-mer chains.
Curves and points have the same meaning as in Figure 1.

and the contact values of the pair correlation functions. An
accurate equation of state for mixtures of hard spheres in the
isothermal—isobaric ensemble has been suggested (Hamad,
1997a). 1t is a generalization of the pure equation of state
given by Eq. 10.

3fp 3+ hp
Z, (T, P) =1+bP+ T]l’l m s
where
b=35,5,+9;

f=253(387 - $,)/h
h=(55,8,—S;) /4
S = Lxl. (15)

For the mixture contact values, accurate expressions are
available for these in the canonical ensemble (Mansoori et
al.,, 1971; Hamad, 1995). However, no such expressions are
available in the isothermal-isobaric ensemble. Here we will
derive the mixture contact values from a combination of ex-
act equations (relating the contact values) and an appropriate
closure. The exact equations are the extension of Eq. 8 to
mixtures of additive hard spheres. Differentiating the mix-
ture NPT partition function with respect to the size of spheres
of one component and using the definition of the contact val-
ues, gives:

(G —~G'¢)/NkT P
Jo; T 12kT

i

xizxjo'ijz'gij.NPT(Ui/)’ (16)
i

where we have used the independence of the ideal gas prop-
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erties on o;; and the relationship G/kT = —In A to obtain
the preceding equation. The residual Gibbs energy can be
obtained by integrating the mixture equation of state, Eq. 15,
according to:

G—-G* Py dpP 7

NkT _/o (Z-H%- a7
For binary mixtures, Eq. 16 will give us two equations with
three unknowns: g,,, g-. §»- A closure is needed to obtain
all three contact values. A simple, yet fairly accurate closure

has been suggested for the canonical ensemble (Hamad,
1997b):

201281, = 0,182 + 7228 (18)

However, we can also use this equation in the isothermal-
isobaric ensemble because the contact values in the two en-
sembles can be shown to be related by (as will be seen in
Appendix B)

8ij NVT
8ij NPT = jZ . (19)

In the previous two equations, we have dropped (o;;) from
g;; for simplicity. Combining the closure equation with Eq. 16
gives the individual contact values. The expressions are given
in Appendix A.

Now we can develop equations for chain mixtures by using
the general expression given by Eq. 1 and the values of Z, 4
given by Malakhov and Brun (1992) in terms of the contact
values. We first start with the solutions of hard chains in
monomers of hard spheres. The compressibility factors for
this case are

Z= [xs +(1- X.v)m]ZHS(T’P)_(I_ x ) (m—=1)gxpr.2

(20)
Z=[x,+(1=x,)m]Zys(T,P)~(1-x,)(m—1)
d1Ingnpr 22
X [1'1" PT}, (21)

where x, is the mole fraction of the solvent molecules, and
g2 1s the contact value of the chain spheres. Again the aver-
age Z is given by an expression similar to Eq. 14. In evaluat-
ing Z,s and g,, one needs to supply the mole fraction of
spheres of different sizes, x, with x, =1- x,. This mole
fraction is obtained from

xy=x/Lx +m(1-x)]. (22)

Figure 7 shows the compressibility factor of chains of 16-
mer in a hard-sphere solvent. The solvent spheres are half
the diameter of the chain spheres and the mole fraction is
x,=1/2. The simulation data are taken from the literature
(Wichert et al., 1996). The figure shows the accuracy of the
proposed equations, especially the average model. Figure 8
shows the results when the solvent spheres are larger than
the chain spheres. The solvent spheres are now four times
the diameter of the chain spheres and the mole fraction is
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Figure 7. Compressibility factor of solutions of 16-mer
chains in hard spheres for o, /0, =1/2 and
solvent mole fraction x, = 0.5.

x,=10.94. The accuracy of the three proposed equations is
still very good even with this large size ratio.

Next we turn to mixtures of two hard chains, as a model
for polymer blends. The compressibility factors for a mixture
of two homopolymers are given by

Z=[x m +x my|Zys(T,P)— x,(m, — Dgner, 11

—xo(my —D)gnpr2 (23)
Z={x m +x,my)Zys(T,P)— x,(m;—1)

dIn gnpr 1

dln ENPT, 22
oP ’

X{1+P - -1+ P
[ ] ch(mZ )[ oP

(24)

where m; is the chain length of species i, x, is the mole
fraction of chains i, and g;; is the contact value of spheres in
chain i. The mole fraction of the spheres is given by

xy=myx /(myx.+myx,). (25)

Figure 9 shows an equimolar mixture of 8-mer chains with
16-mer chains, with segments in the shorter chains half the
size of segments in the longer chains, og/0, =1/2. The ac-
curacy of the models is again apparent. A similar mixture
with oy/0, = 2/1 is shown in Figure 10, again with accurate
predictions.

Copolymers

Copolymers consist of at least two different types of chemi-
cally bonded repeat units. Here we will discuss two types of
copolymers: diblock and alternating copolymers.

In diblock copolymers two types of units are arranged in
two blocks. The blocks are chemically bonded together. For
this type of polymer the equation of state is obtained by re-
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Figure 8. Compressibility factor of solution of 16-mer
chains in hard spheres for o,/0,,=4 and
solvent mole fraction x, = 0.94.
Curves and points have the same meaning as in Figure 7.

casting the corresponding equations of the NVT ensemble:

Z=(m,+my)Zys(T,P)—(m,—D)gnpr, 11
—(m, —1)gnpr,22 — &npro12 (26)

dln
Z=(m,+my)Zys(T,P)~(m,—1) 1+P——%;_Wﬁ]
dln Jln
—-(m,—1) 1+P_.__g_§E’_2_2 - 1+pﬂ ’
P P
@)
07 simulation (Wichert et al, 1996)
Eq (23)
60 1~~~ Eq(24)
— weighted average
5 50 -
[&]
©
il
2 40 -
=
(2]
$ 30 |
a
£
é 20 A
10
mq =8,myp =16, og/cg=1/72
0 , : | 1

Reduced Pressure

Figure 9. Compressibility factor of equimolar mixture of
8-mer and 16-mer chains: o3/ 0 =1/2.
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Figure 10. Compressibility factor of equimolar mixture
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Curves and points have the same meaning as in Figure 9.

where m, and m, are the lengths of the two blocks. Figure
11 shows the compressibility factor of a 32-mer chain with
two blocks of equal length. The spheres in the two blocks
have a diameter ratio of 2. The predictions of the three equa-
tions are accurate when compared to the simulation data
(Gulati et al., 1996).

In alternating copolymers two types of repeat units appear
alternatively. For this type of polymer, only the unlike pair
correlation function appears in the bonding term:

Z=mZys(T,PYy—(m—1)gupr.12 (28)

3 1nger 12
Il

Z=mZHS(T,P)——(m—1)[1+P . (29)

The compressibility factor of a 32-mer chain is shown in Fig-
ure 12. The values for the compressibility factor are only
slightly different from the values of the diblock copolymer for
the same size ratio of 2. The prediction of the three models is
again accurate when compared to the simulation data (Gulati
et al., 1996).

Discussion and Conclusions

In this work we have developed accurate equations of state
for hard chains, their mixtures, and copolymers, in the
isothermal—-isobaric ensemble. The proposed equations have
the advantage of being volume explicit. They also predict the
correct volume at very high pressures, unlike most pressure-
explicit equations. The new equations were tested for hard
chains, solutions of hard chains, mixtures of hard chains, and
block and alternating copolymers. All predictions were accu-
rate when compared to simulation data. For long chains at
high densities, the proposed equations are more accurate than
the generalized Flory dimer theory.
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Figure 11. Compressibility factor of diblock copolymer.
Each block is 16-mer with /o), = 2.

As all the suggested equations are volume-explicit, they only
have one value for the volume {one root) at any given pres-
sure. Different phases, such as liquid and solid. will be de-
scribed by equations with different pressure dependencies.
These dependencies are obtained from the equations of state
of the different phases. If the volume is given and one needs
to solve for the pressure, then only one real root exists for
the proposed equations for hard chains.

Polymer solutions and blends often show phase separation
due to the small entropy of mixing. The study of the phase
boundaries is very much simplified in the isothermal-isobaric
ensemble equations, because the pressure appears as the in-

250 - ~

* simulation (Gulati et al, 1996) ¢
‘ Eq (28) //"
.~ Eq(29) S
200 l —- weighted average /'/
| 7
; pa |
150 j //////

‘ /

100 //'//

50 //

0

Compressibility Factor

T T T T T T T
00 01t 02 03 04 05 06 07 08
Reduced Pressure

Figure 12. Compressibility factor of a 32-mer alternat-
ing copolymer with o,/ 0,=2.
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AIChE Journal



0.2 -

AG

-0.3 4

-04 4 AN
e
0.5 +— ‘ , ; .
00 0.2 0.4 0.6 0.8 1.0

mole fraction of spheres

Figure 13. The Gibbs energy of mixing vs. solvent mole
fraction for 16-mer chains in hard spheres.

The chain spheres are half the size of the solvent spheres.
Curve was calculated from Eq. 21.

dependent variables. In the canonical ensemble the calcula-
tions are complicated by the need to numerically solve a set
of complicated equations. Phase separation is characterized
by the presence of a composition interval where the second
derivative of the Gibbs energy of mixing AG is negative. In
terms of the excess Gibbs energy G, one can write AG as

AG GE

— Y xdn(x) + —, 30
NKT Zx nCDF Nt (30)

where the excess Gibbs energy is obtained from

GE P dpP

NkT—fO [z ,inzi] R (31)
Figure 13 shows the Gibbs energy of mixing for a solution of
l6-mer chains in hard spheres according to Eq. 21. The chain
spheres are half the size of the solvent spheres (o,,/0 = 1/2).
Equation 20 gives similar results. The figure clearly shows an
immiscibility region close to solvent mole fraction of unity.
The phase separation was also observed for other solutions.
This phase separation is purely entropic, as there are no at-
tractive forces. This result is consistent with the predictions
of much morc sophisticated models that include accurate
thermodynamically consistent integral equations, density-
functional theory, and computer simulation of hard-core lat-
tice polymers (Biben and Hansen, 1991; Dijkstra and Frenkel,
1994). Experiments on colloids also support the presence of
demixing. The models and the experiments suggest an en-
tropic phase separation for solutions of very large molecules
in small molecules. The demixing is found to take place in
solutions of roughly equal volume fractions, as observed in
our case. The existing pressure-explicit equations do not pre-
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dict this phase separation because the excess Gibbs energy is
always negative (Mansoori et al., 1971). This exciting result of
our simple model is currently being investigated.
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Appendix A: Mixture Contact Pair Correlation
Functions in the NPT Ensemble

For a binary mixture, Eq. 16 gives two equations. Combin-
ing these equations with Eq. 18 and solving for the three

&ij.NpTs BIVES

5 or or
(x10’11012+2x20'22) X002
1 doy, do,
uner =1+ 2 3 2 2 2 3
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2 3 ) 5 T
X505,—— + Xjo
203 10711
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where g,, npr IS Obtained from g, npr by interchanging sub-
scripts 1 and 2. The dimensionless residual Gibbs energy, T,
is given by
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Appendix B: Relationship Between Contact Values
of Pair Correlation Function in the NVT and NPT
Ensembles

The contact values for hard spheres in the NVT ensemble
can be obtained from the following relationship (Hamad,
1994):
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A similar relationship can be written in the NPT ensemble:
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Dividing the previous two equations gives
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where we have used the following relationships between the
partition functions and thermodynamic quantities:

InQ=— A/kT

InA=-G/T. (B4)
The first ratio on the righthand side of Eq. B4 is the com-
pressibility factor Z, and we will show next that the second
ratio is equal to unity. First, from the properties of partial
derivatives we can write:
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Replacing G by 4+ PV in the first term on the righthand
side and using dG = VdP — S5dT in the second term, gives
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Using the differential identity
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Eq. B6 reduces to
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Equation B3 now becomes
ij Tjj
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This is Eq. 19 in the text.
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